The Dirac cone underlies many unique electronic properties of graphene 1 and topological insulators 2 , and its band structure-two conical bands touching at a single point-has also been realized for photons in waveguide arrays 3 , atoms in optical lattices 4 , and through accidental degeneracy 5, 6 . Deformations of the Dirac cone often reveal intriguing properties; an example is the quantum Hall effect, where a constant magnetic field breaks the Dirac cone into isolated Landau levels 7 . A seemingly unrelated phenomenon is the exceptional point [8] [9] [10] [11] , also known as the parity-time symmetry breaking point [12] [13] [14] [15] , where two resonances coincide in both their positions and widths. Exceptional points lead to counter-intuitive phenomena such as loss-induced transparency 16 , unidirectional transmission or reflection [17] [18] [19] [20] [21] [22] [23] , and lasers with reversed pump dependence [24][25][26] or single-mode operation 27, 28 . These two fields of research are in fact connected: here we discover the ability of a Dirac cone to evolve into a ring of exceptional points, which we call an "exceptional ring." We experimentally demonstrate this concept in a photonic crystal slab. Angle-resolved reflection measurements of the photonic crystal slab reveal that the peaks of reflectivity follow the conical band structure of a Dirac cone from accidental degeneracy, whereas the complex eigenvalues of the system are deformed into a two-dimensional flat band enclosed by an exceptional ring. This deformation arises from the dissimilar radiation rates of dipole and quadrupole resonances, which play a role analogous to the loss and gain in parity-time symmetric systems. Our results indicate that the radiation that exists in any open system can fundamentally alter its physical properties in ways previously expected only in the presence of material loss and gain.
Hamiltonian, while the quadrupole mode does not radiate due to its symmetry mismatch with the plane waves 34 . Specifically, at the Γ point the system has C 2 rotational symmetry (invariant under
180
• rotation around the z axis), and the quadrupole mode does not couple to the radiating plane wave because the former is even [E(r) =Ô C 2 E(r)] whereas the latter is odd [E(r) = −Ô C 2 E(r)]
under C 2 rotation 30 . The effective Hamiltonian is
with complex eigenvalues
where ω 0 is the frequency at accidental degeneracy, v g is the group velocity of the linear Dirac dispersion in the absence of radiation, k is the magnitude of the in-plane wavevector (k x , k y ), and
Here, one of the three bands is decoupled from the other two and is not included in equation (1) (see section II of Supplementary Information). In equation (2), a ring defined by k = k c separates the k space into two regions: inside the ring (k < k c ), Re(ω ± ) are dispersionless and degenerate; outside the ring (k > k c ), Im(ω ± ) are dispersionless and degenerate. In the vicinity of k c , Im(ω ± ) and Re(ω ± ) exhibit square-root dispersion (also known as branching behavior) inside and outside the ring, respectively. Exactly on the ring (k = k c ), the two eigenvalues ω ± are degenerate in both real and imaginary parts; meanwhile, the matrix H eff becomes defective with an incomplete eigenspace spanned by only one eigenvector (1, -i) T that is orthogonal to itself under the unconjugated inner product. This self-orthogonality is the definition of EPs; hence, here we have not just one EP, but a continuous ring of EPs. We call it an exceptional ring. We can rigorously show that the exceptional ring exists in realistic PhC slabs, not just in the effective Hamiltonian model. Our proof is based on the unique topological property of EPs:
when the system parameters evolve adiabatically along a loop encircling an EP, the two eigenvalues switch their positions when the system returns to its initial parameters 10, 11, 29, 35 , in contrast to the typical case where the two eigenvalues return to themselves. Using this property, we numerically show, in Fig. S2 and section III of Supplementary Information, that the complex eigenvalues always switch their positions along every direction in the k space, and therefore prove the existence of this exceptional ring. As opposed to the simplified effective Hamiltonian model, in a real PhC slab, the EP may exist at a slightly different magnitude of k and for a slightly different hole radius r along different directions in the momentum space, but this variation is small and negligible in practice (section IV of Supplementary Information).
To demonstrate the existence of the exceptional ring in such a system, we fabricate large-area periodic patterns in a Si 3 N 4 slab (n = 2.02, thickness 180 nm) on top of 6 µm of silica (n = 1.46) using interference photolithography 34 . Scanning electron microscope (SEM) images of the sample are shown in Fig. 2a , featuring a square lattice (periodicity a = 336 nm) of air cylindrical holes with radius of 109 nm. We immerse the structure into an optical liquid and tune the refractive index of the liquid; accidental degeneracy in the Hermitian part is achieved when the liquid index is selected to be n = 1.48. We perform angle-resolved reflectivity measurements (setup shown in Fig. 2b ) between 0 and 2 degrees along the Γ to X direction and the Γ to M direction, for both s and p polarizations. The measured reflectivity for the relevant polarization is plotted in the upper panel of Fig. 2c , showing good agreement with numerical simulation results (lower panel), with differences coming from scattering of disorder, inhomogeneous broadening, and the uncertainty in the measurements of system parameters. The complete experimental result for both polarizations is shown in Fig. S3 ; the third and dispersionless band shows up in the other polarization, decoupled from the two bands of interest.
The peaks of reflectivity (dark red color in Fig. 2c ) follow the linear Dirac dispersion; this feature disappears for structures with different radii that do not reach accidental degeneracy (experimental results in Fig. S4 ). To understand the reflection peaks, we consider a generic two-by-two
Hamiltonian H with no assumption made about its matrix elements. We separate H into a Hermitian part A and an anti-Hermitian part -iB (so that A and B are both Hermitian), and choose the basis in which A is diagonal:
As before, we use ω ± to denote the complex eigenvalues of the Hamiltonian A − iB. The reflectivity in our system can be modeled using temporal coupled-mode theory (TCMT, with details in section V of Supplementary Information), where we show that the reflection peaks generally occur near the eigenvalues Ω 1,2 of the Hermitian part A and are independent of the non-Hermitian part −iB (Fig. S5 with details in section VI in Supplementary Information). Therefore, the peak locations in Fig. 2c (dark red) reveal information about only the Hermitian part of the Hamiltonian; the fact that they show linear Dirac dispersion indicates that we have successfully achieved accidental degeneracy in the eigenvalues of the Hermitian part, consistent with the simplified model in equation (1). In Fig. S6 , we plot the Ω 1,2 extracted from the reflectivity data through a more rigorous data analysis using TCMT (described below); the linear dispersion is indeed observed.
The eigenvalues of the Hamiltonian, ω ± , behave very differently from the reflectivity peaks.
Simulation results (white lines in the lower panel of Fig. 2c Underneath the reflectivity curves, we show the complex eigenvalues.
Repeating the fitting procedure for reflectivity spectrum measured at different angles, we obtain the dispersion curves for all complex eigenvalues, which are plotted in Fig. 3b . Along both directions in k space (Γ → X and Γ → M), the two bands of interest (shown in blue and red) exhibit the EP behavior predicted in equation (2): for k < k c the real parts are degenerate and dispersionless; for k > k c the imaginary parts are degenerate and dispersionless; for k in the vincinity of k c branching features are observed in the real or imaginary part. In Fig. 3c , we plot the eigenvalues on the complex plane for both the Γ → X and Γ → M directions. We can see that in both directions, the two eigenvalues approach each other and become very close at certain k point, which is a clear signature of the system being very near EP.
We have shown that non-Hermiticity arising from radiation can significantly alter fundamental properties of the system including the band structures and density of states; this effect becomes most prominent near EPs. The PhC slab described here provides a simple-to-realize platform for studying the influence of EPs on light-matter interaction, such as for single particle detection 
edu).
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Supplementary information Section I. Effective Hamiltonian of accidental Dirac points in Hermitian systems
To the leading order of approximation, the effective Hamiltonian for accidental Dirac cones in
Hermitian systems (2D PhC) is written as a 3 × 3 matrix due to the involvement of three bands:
that can be transformed into:
with the orthogonal transformation matrix
Here, cos θ = k x /k, sin θ = k y /k, k x,y are in-plane wavevectors. After transformation, the 3 × 3 matrix becomes two isolated blocks: the upper 2 × 2 block gives the conical Dirac dispersion
while the lower block is the intersecting flat band (ω = ω 0 ).
Section II. Effective non-Hermitian Hamiltonian of the exceptional ring
For a 3D PhC slab that has finite thickness, the two dipole modes become resonances with finite lifetime due to their coupling to radiation; therefore, their eigenvalues become complex (ω 0 − iγ d ).
With C 4 rotational symmetry, these two dipole modes are identical to each other under an 90
• rotation and therefore share the same complex eigenvalue. Meanwhile, the quadrapole mode does not couple to radiation at the Γ point due to symmetry mismatch, and to leading order its eigenvalue remains at ω 0 . The effective non-Hermitian Hamiltonian of the 3D PhC slab becomes
with the same matrix U as in equation S.3. The upper 2 × 2 block is the H eff we refer to in equation (1) that givies rise to an exceptional ring, while the lower block is the intersecting flat band.
Section III, Existence of exceptional points along every direction in momentum space
In this section, we demonstrate that EPs exist in all directions in the k space, not only for a simplified Hamiltonian (equation 1), but also for realistic structures. To prove their existence, we use the unique topological property of EPs: when the system evolves adiabatically in the parameter space around an EP, the eigenvalues will switch their positions at the end of the loop 10, 35 . In our system, the parameter space in which we choose to evolve the eigenfunctions is three-dimensional, consisting of the two in-plane wavevectors (k x , k y ) and the radius of the air holes r, as shown in The above calculations show that for every direction θ we examined in the k space, there is always a particular combination of k c and r c , which supports an EP. However, we note that in general, different directions can have different k c and different r c , so the exceptional ring for the realistic PhC slab structure is parameterized by k c (θ) and r c (θ). This angular variation of k c (θ) and r c (θ) can be described by introducing higher order corrections in the effective Hamiltonian, which we examine in the next section.
Section IV, Generalization of the effective Hamiltonian
Here, we generalize the effective Hamiltonian in equation (1) and (S.5). First, the radiation of the quadrapole mode is zero only at the Γ point; away from the Γ point, the quadrapole mode has a k-dependent radiation that is small but non-zero, which we denote with γ q . Second, we consider possible deviation from accidental degeneracy in the Hermitian part, with a frequency walk-off δ.
With these two additional ingredients, the effective Hamiltonian becomes
with complex eigenvalues of
which generalizes equations (1) and (2). We note that the off-diagonal term √ γ q γ d in equation (S.6) is required by energy conservation and time-reversal symmetry 40, 46 , as we will discuss more in the next section. Equation (S.7) shows that EP occurs when the two conditions
are satisfied. In the region of momentum space of interest, γ q is much smaller than γ 0 (this can be seen, for example, from the imaginary parts of Fig. S1a,c) , so the first condition becomes Empirically, we find that a change of δ by 2 × 10 −4 ω 0 corresponds to a change in the radius r of around 0.06 nm, which is the estimated range of variation for r c (θ) of all θ ∈ [0, 2π). This angular variation is much smaller than our structure can resolve in practice, since the radii of different holes within one fabricated PhC slab will already differ by more than 0.06 nm. So, in practice a given fabricated structure can be close to EP along all different directions θ, but is unlikely to be an exact EP for any direction.
Section V, Temporal Coupled Mode Theory (TCMT)
To connect the Hamiltonian of the resonances to the experimentally measured reflectivity, we resort to temporal coupled-mode theory (TCMT) 30, 47 . Here, we consider a very general setup with an arbitrary number of resonances in the PhC slab. The time evolution of these n resonances, whose complex amplitudes are denoted by an n × 1 column vector A, is described by the Hamiltonian H and a driving term,
where the Hamiltonian is an n × n non-Hermitian matrix
with Ω denoting its Hermitian part, −iΓ denoting its anti-Hermitian part from radiation loss, and −iγ nr its anti-Hermitian part from non-radiative decays including absorption and surface roughness. For simplicity, we consider the same non-radiative loss for all resonances, so γ nr is a real number instead of a matrix.
Reflectivity measurements couple the n resonances to the incoming and outgoing planewaves, whose complex amplitudes we denote by two 2×1 column vectors, s + and s − . The direct reflection and transmission of the planewaves through the slab (in the absence of resonances) are described by a 2 × 2 complex symmetric matrix C, and
where D and K in equation (S.9) are 2 × n complex matrices denoting coupling between the resonances and the planewaves. We approximate the direct scattering matrix C by that of a homogeneous slab whose permittivity is equal to the spatial average of the PhC slab 39, 48, 49 . Lastly, outgoing planewaves into the silica substrate are reflected at the silica-silicon interface, so
where h s is the thickness of the silica substrate with refractive index n s = 1.46, β = n 2 s ω 2 /c 2 − |k | 2 is the propagation constant in silica, and r 23 is the Fresnel reflection coefficient between silica and the underlying silicon. The formalism described above is the same as Ref. 39 except that here we describe the n resonances in a more general setting that accounts for their coupling (off-diagonal terms of H) and therefore their non-orthogonality.
For steady state with e −iωt time dependence, we solve for vector A from equation (S.9) to get the scattering matrix of the whole system that includes both direct and resonant processes,
where the effect of the n resonances is captured in a 2 × 2 matrix
We can solve equation (S.12) and equation (S.13) to obtain the reflectivity
In this expression, the only unknown is C res . Therefore, by comparing the experimentally measured reflectivity spectrum R(ω) and the one given by TCMT in equation (S.15), we can extract the unknown parameters in the resonant scattering matrix C res and obtain the eigenvalues of the Hamiltonian H.
The remaining task is to write C res using as few unknowns as possible so that the eigenvalues of H can be extracted unambiguously. In equation (S.14), there are a large number of unknowns in the matrix elements of H, D, and K, but there is much redundancy because the matrix elements are not independent variables and because C res is independent of the basis choice. Below, we show that we can express C res with only 2n + 1 unknown real numbers, and these 2n + 1 real numbers are enough to determine the n complex eigenvalues of H. It follows that the matrix Γ is real and symmetric. Next, using the Woodbury matrix identity and these constrains, we can rewrite equation (S.14) as
where
† is a 2-by-2 matrix. We note that the matrix W , and therefore the matrix C res , is invariant under a change of basis for the resonances through any orthogonal matrix U (where Ω is transformed to U ΩU −1 , and D is transformed to DU −1 ). Therefore, we are free to choose any basis. Given the expression for W , we choose the basis where Ω is diagonal, so
being the eigenvalues of Ω.
To proceed further, we note that the PhC slab sits on a silica substrate with n s = 1.46 and is immersed in a liquid with n = 1.48, so the structure is nearly symmetric in z direction. The mirror symmetry requires the coupling to the two sides to be symmetric or anti-symmetric 30 ,
where σ j = 1 for TE-like resonances and σ j = −1 for TM-like resonances, in the convention where (E x , E y ) determines the phase of A j and s ± . Then, the diagonal elements of Γ are related to D by Γ jj ≡ γ j = |D 1j | 2 , and in this basis we have
This completes our derivation. Equations (S.16) and (S.18) provide an expression for C res that depends only on 2n + 1 unknown non-negative real numbers: the n eigenvalues {Ω j } n j=1 of the Hermitian matrix Ω, the n diagonal elements {γ j } n j=1 of the real-symmetric radiation matrix Γ in the basis where Ω is diagonal, and the non-radiative decay rate γ nr .
At each angle and each polarization, we fit the experimentally measured reflectivity spectrum R(ω) to the TCMT expression equation (S.15) to determine these 2n + 1 unknown parameters. We note that the model Hamiltonians introduced previously, such as equation (1) 
Section VI, Reflection peaks and CRIT
In this section, we use a simplified scenario (a special case of the previous section) to illustrate that the peaks of the reflectivity generally follow the eigenvalues of Ω and to show the coupledresonator-induced-transparency (CRIT).
Consider a simplified scenario with two resonances of the same symmetry in z and without non-radiative loss (i.e. n = 2, σ 1 = σ 2 , γ nr = 0), and ignore the direct Fresnel reflection between the dielectric layers (so that the direct scattering matrix C has no reflection, and that s 2+ = 0 in equation (S.12)). In such case, equations (S.15) (S.16) (S.18) give
We immediately see that the reflectivity reaches its maximal value of 1 when ω = Ω 1 or ω = Ω 2 , namely at the eigenvalues of the matrix Ω. Another feature we can observe is that the reflectivity is 0 when ω = (γ 1 Ω 2 + γ 2 Ω 1 )/(γ 1 + γ 2 ), which is a phenomenon called coupled-resonator-induced-transparency (CRIT) 36, 37 .
We emphasize that the reflectivity peaks are different from the complex eigenvalues of the Hamiltonian H. Consider a simple example with Ω 1,2 = ω 0 ± b, and γ 1 = γ 2 = b. The reflection peaks at Ω 1,2 = ω 0 ± b, while the two complex eigenvalues are degenerate at ω + = ω − = ω 0 − ib, whose real part is in the middle of the two reflection peaks. This explains the reflectivity from the PhC slabs at 0.3
• shown in Fig. 2d and Fig. 3a , where the degenerate complex eigenvalues of the system are in between the two reflection peaks.
In Fig. S5 , we use some examples to illustrate the difference between the reflectivity peaks and the complex eigenvalues. as we vary γ 1,2 , the complex eigenvalues (circles) vary accordingly, whereas the reflectivity peaks (red arrows) always show up at Ω 1,2 .
For the realistic PhC slab structure in our experiment, the reflectivity is described by the more general expression, equations (S.15), but equation (S.19) serves as a qualitative approximation near the frequency range of interest, because the far-away resonances do not contribute much, the nonradiative loss is small, and the Fresnel reflection between the dielectric layers (liquid, Si 3 N 4 , silica, and silicon) is small. So, we can still see the general trend that the reflectivity peaks follow the eigenvalues of Ω (as evident by comparing Fig. S3 and Fig. S6b ), and we can still see reflectivity dips for CRIT (such as in Fig. 3a) . 
